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EXISTENCE OF GRADINGS ON ASSOCIATIVE 

ALGEBRAS 


DUSKO BOGDANIC 

Abstract. In this paper we study the existence of gradings on 
finite dimensional associative algebras. We prove that a connected 
algebra A does not have a non-trivial grading if and only if A 
is basic, its quiver has one vertex, and its group of outer auto¬ 
morphisms is unipotent. We apply this result to prove that up to 
graded Morita equivalence there do not exist non-trivial gradings 
on the blocks of group algebras with quaternion defect groups and 
one isomorphism class of simple modules. 


1. Introduction and preliminaries 

Let A be an algebra over a field k. We say that A is a graded al¬ 
gebra if A is the direct sum of subspaces A = such that 

AiAj C Ai+j, i,j G Z. The subspace A* is said to be the homogeneous 
subspace of degree i. It is obvious that we can always trivially grade 
A by setting Aq = A. In this paper we study the problem of existence 
of non-trivial gradings on a given algebra. For some algebras it is not 
too difficult to construct a non-trivial grading, e.g. a polynomial alge¬ 
bra k[x] can be graded by declaring 1 to be a homogeneous element of 
degree 0, and a: to be a homogeneous element of degree d, where d G Z 
is arbitrary. For some other algebras, such as group algebras, it is not 
obvious how one can construct non-trivial gradings on these algebras. 
More complex methods, such as transfer of gradings via derived and 
stable equivalences (HDlElll]), had to be developed to introduce non¬ 
trivial gradings on certain blocks of group algebras. In this paper we 
focus our attention on the following question. How do we prove that 
a given algebra does not possess a non-trivial grading? If there is not 
an obvious generating set of A that would consist of homogeneous el¬ 
ements, as in the case of k[x] (where {l,x} was a generating set of 
homogeneous elements), how do we prove that none of the generating 
sets (or bases) could serve as a homogeneous generating set (or basis)? 
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In the next section of this paper we prove that a connected hnite di¬ 
mensional algebra A can not be non-trivially graded if and only if it is 
basic, its qniver has one vertex, and its group of outer automorphisms 
Out (A) is unipotent. In the last section, we apply this result on the 
blocks of group algebras with quaternion defect groups and one iso¬ 
morphism class of simple modules, and prove that they can only be 
trivially graded, up to graded Morita equivalence. 

If A is a graded algebra, then an A-module M is graded if it is the 
direct sum of subspaces M = Mi, such that AiMj C Mi^j, for all 
i,j G Z. If M is a graded A-module, then N = M{i) denotes the shifted 
graded module given by Nj = Mi+j, j G Z. An A-module homomor¬ 
phism / between two graded modules M and is a homomorphism of 
graded modules if /(Mj) C A^j, for alH G Z. We set IIomgr^(M, N) := 
Homyi_gr(M, A^(i)), where Hom^_gr(M, A^(i)) denotes the space 
of all graded homomorphisms between M and N{i) (the space of ho¬ 
mogeneous morphisms of degree i). For hnitely generated A-modules 
M and N there is an isomorphism of vector spaces IIom^(M, A^) = 
Homgry^(M, N) that gives us a grading on Aovua^M, N) (see P Corol¬ 
lary 2.4.4]). 

Example 1.1. Let A be a hnite dimensional algebra given by the 
quiver Q and the ideal of relations I, i.e. A = kQ/I, where I is an 
admissible ideal of kQ (we recommend [1] as a good introduction to 
path algebras of quivers). Since the path algebra kQ is generated by 
the vertices and arrows of Q, in order to grade kQ it is sufficient to 
declare vertices and arrows to be homogeneous elements, and to dehne 
the degrees of the arrows since the vertices of Q will be in degree 0. In 
order to grade kQ/I it is sufficient to ensure that / is a homogeneous 
ideal of kQ. 

If A is a graded algebra and e is a homogeneous primitive idem- 
potent, then Ae is going to be a graded projective indecomposable 
module. Moreover, top Ae will be in degree 0. We note here that if we 
have two different gradings on an indecomposable module, then they 
differ only by a shift (see [H Lemma 2.5.3]). Shifting gradings on pro¬ 
jective indecomposable modules leads us to the notion of graded Morita 
equivalence. 

2. The existence oe non-trivial gradings 

From now on we assume that k is an algebraically closed held. For 
a hnite dimensional algebra A over k, there is a correspondence be¬ 
tween gradings on A and homomorphisms of algebraic groups from 
Gm to Ant (A), where is the multiplicative group k* of the held 
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k, and Aut(A) is the group of automorphisms of A. For each grad¬ 
ing A = there is a homomorphism of algebraic groups tt : 

Gm —)■ Aut(y4) where an element x E k* acts on Ai by multiplica¬ 
tion by X*, and vice versa, for a homomorphism of algebraic groups 
71 : Gn, —)■ Ant (A), there is a grading A = where Aj = 

{a e A 17r(x)(a) = x*a, for all x G Gm}- If A is graded and tt is the 
corresponding homomorphism, we will write (A, tt) to denote that A is 
graded with grading tt. 

Definition 2.1 m Section 5]). Let (A, vr) and (A, tt') be gradings 
on a finite dimensional fc-algebra A, and let Si, S 2 , ■ ■ ■, Sr be the iso¬ 
morphism classes of simple A-modules. We say that (A, vr) and (A, vr') 
are graded Morita equivalent if there exist integers dij, where 1 < 
j < dimAj and 1 < i < r, such that the graded algebras (A, tt') and 
Endgr^^ are isomorphic, where Pi denotes the projec¬ 

tive cover of S'*. 

Note that graded algebras (A, vr) and (A, vr') are graded Morita equiv¬ 
alent if and only if their categories of graded modules are equivalent. 

In the next two propositions we give necessary conditions for a con¬ 
nected finite-dimensional algebra A not to possess a non-trivial grading. 

Proposition 2.2. If A is a finite dimensional k-algehra which does not 
have non-trivial gradings, then A is a basic algebra. 

Proof. Let us assume that A is not a basic algebra. There is at least one 
simple A-module, say Sq, whose dimension is greater than 1. If Pq is the 
projective cover of Sq, then Pq appears at least twice as a summand 
of A, i.e. we have a decomposition A = Pq © Pq © P, where P is a 
projective module. If we look at A as a trivially graded algebra, then the 
graded algebra A' = Endgr^(Po((ii)©Po((i 2 )©-P(d 3 ))"^ is graded Morita 
equivalent to the trivially graded algebra A. If we choose di and d 2 to 
be different integers, then A' is a non-trivially graded algebra, because 
the identity map from Po(di) to Po(d 2 ) is a homogeneous element of 
degree di — d 2 ^ 0. Thus, we obtained a non-trivial grading on A. □ 

The non-existence of non-trivial gradings on a basic algebra imposes 
a strong condition on its quiver. 

Proposition 2.3. If A is a connected basic algebra with no non-trivial 
gradings, then its guiver has only one vertex. 

Proof. Let us assume that the quiver of A has at least two vertices, 
say i and j. Since A is a connected algebra, we can assume that in the 
quiver of A there is an arrow starting at i and ending at j. If Pj and 
Pj are the corresponding projective indecomposable modules, then the 
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simple module corresponding to i appears as a composition factor in 
the second radical layer of Pj. Hence, there is a non-trivial map from Pj 
to Pj. If we start from the trivially graded algebra A, we get a graded 
algebra A' = Endgr^(Pi((ii) © Pj{d 2 ) © P((i 3 ))°^ that is graded Morita 
equivalent to A. Again, if we choose di and ^2 to be different integers, 
then A' is a non-trivially graded algebra, because a map from Pi{di) 
to Pj{d 2 ) of highest possible rank is a homogeneous element of degree 
di — (^2 7^ 0. D 

Thus, in order for a connected hnite-dimensional algebra to possess 
no non-trivial gradings, it has to be basic, and its quiver has to have 
one vertex. On the other hand, it is not difficult to hnd a basic algebra 
whose quiver has only one vertex, that can be non-trivially graded. 

Example 2.4. The algebra dehned by the following quiver and rela¬ 
tions 


= 0 = {a/3y = (/Sa)'", 

where r is a positive integer, has inhnitely many non-trivial gradings 
indexed by (for any pair (^ 1 ,^ 2 ) of integers dehne deg(e) = 0, 
deg(a) = di, and deg(/3) = ^2 to get a grading on this algebra), with 
no two of them graded Morita equivalent (cf. [H Proposition 5.1]). 

Recall that a grading on a hnite dimensional algebra A can be seen 
as a cocharacter tt : ^ Ant (A). We will use the same letter vr 

to denote the corresponding cocharacter of Out (A), the group of outer 
automorphisms of A (i.e. the quotient of Ant (A) by the subgroup of all 
inner automorphisms), which is given by the composition of tt and the 
canonical surjection. The image of the cocharacter tt is contained in a 
maximal torus of Aut(A). Tori are contained in Aut(A)°, the connected 
component of Ant (A) that contains the identity element (see [5] for 
more details on algebraic groups). Cocharacters tt and tt' of Ant (A) 
are conjugate if there exists g G Aut(A) such that tt'{x) = gTTg~^{x) 
for all X G Gm- 

The following proposition tells us how to classify all gradings on A 
up to graded Morita equivalence. 

Proposition 2.5 ([10], Corollary 5.9]). Two basic graded algebras (A, tt) 
and (A, tt') are graded Morita equivalent if and only if the correspond¬ 
ing cocharacters tt : Gm —^ Out (A) and tt' : Gm —^ Out (A) are 
conjugate. 

From this proposition we see that in order to classify gradings on A 
np to graded Morita equivalence, we need to compute maximal tori in 
Out (A). 
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Theorem 2.6. Let A be a connected finite dimensional algebra over 
k. The algebra A can not be non-trivially graded if and only if A is 
basic, its quiver has one vertex, and its group of outer automorphisms 
Out (A) is unipotent. 

Proof. If there are no non-trivial gradings on A, then by Proposition 12.21 
and Proposition 12.31 we have that A has to be basic and its quiver has 
to have only one vertex. If the group Out (A) is not unipotent, then its 
maximal tori would be non-trivial and there would exist a non-trivial 
cocharacter vr : Gm —t Out(y4). By Lemma 5.5 in [10], this cocharacter 
can be lifted to a non-trivial cocharacter tt : Gm —t Ant (A). This non¬ 
trivial cocharacter gives us a non-trivial grading on A. Thus, Out (A) 
has to be unipotent. 

Assume now that A is basic, its quiver has one vertex, and its group of 
outer automorphisms Out (A) is unipotent. Since Out (A) is unipotent, 
any two gradings on A correspond to the same, trivial cocharacter. This 
means that their corresponding cocharacters are conjugate in Out (A), 
and that any two gradings on A must be graded Morita equivalent. In 
particular, any grading on A is graded Morita equivalent to the trivial 
grading. Because A is basic with only one simple module, a graded 
algebra that is graded Morita equivalent to the trivially graded algebra 
A is Endgr^(A((i))"^, with d being an integer. But this graded algebra 
is again the trivially graded algebra. □ 

Remark 2.7. By Remark 5.10 in [101, Proposition 12.51 also holds true 
if we remove the assumption that A is a basic algebra and replace 
conjugacy of cocharacters in Out (A) by the conjugacy in Pic (A), the 
Pickard group of A, which contains Out (A) (see [7] and [101 for de¬ 
tails on Pickard group). If A is a connected hnite dimensional algebra 
such that Out (A) is a unipotent group, then for any two gradings on 
A, the corresponding cocharacters of Out (A) are obviously conjugate 
both in Out (A) and Pic (A), because they are both equal to the trivial 
cocharacter. Hence, any grading on A is graded Morita equivalent to 
the trivial grading. 

Remark 2.8. Let Out^(A) be the subgroup of Out (A) of those auto¬ 
morphisms hxing the isomorphism classes of simple A-modules. This is 
a subgroup consisting of those automorphisms / such that R'f = S, for 
every simple A-module S, where is an A-module whose underlying 
set is S and a E A acts on an element s E S hj a * s = f{a)s. Since 
Out^(A) contains Out°(A), the connected component of Out (A) that 
contains the identity element, we have that maximal tori in Out (A) 
are contained in Out^(A), i.e. if Out^(A) is a unipotent group, then 
Out(A)° is a unipotent group as well. It is often the case, in particular 
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for a basic algebra given by a quiver and relations, that it is easier to 
compute the group Out^(y4) then Out (A). 


3. Quaternion blocks of group algebras 


A block of a group algebra over a held of characteristic p is of tame 
representation type if and only if p = 2 and its defect group is a dihe¬ 
dral, semidihedral, or generalized quaternion group. If i? is a block of 
a hnite group G over an algebraically closed held k of characteristic 2 
with one isomorphism class of simple modules and with a quaternion 
defect group of order 2”^“^ for some positive integer n, then B is Morita 
equivalent to the algebra Q{lEy from Erdmann’s classihcation of tame 
blocks [6], where r = 2"“^, and Q{1EY is the algebra dehned by the 
quiver and relations 



Thus, any block with a quaternion defect group and one isomorphism 
class of simple modules is Morita equivalent to some algebra Q{1EY 
from the above family of algebras. 

We will now prove that Q{1EY does not admit a non-trivial grading. 
If we try to take the most obvious generating set consisting of arrows 
and the vertex of the quiver of Q{1EY as a homogenous set of genera¬ 
tors, then it would have to hold that 2 deg(a) = r deg(/3)-|-(r—1) deg(a) 
and 2deg(/5) = r deg(a)-f-(r —1) deg(/9), with deg(a) and deg(/5) denot¬ 
ing the degrees of a and f3. It is obvious that this system of linear equa¬ 
tions does not have non-trivial integer solutions. If we try some other 
generating set, we will end up with the same result, we will not be able 
to construct a non-trivial grading. We will prove that there is no non¬ 
trivial grading by showing that every outer automorphism of Q{1EY 
is unipotent. It will follow that the maximal torus of Out(Q(lE)^) is 
the trivial group. 

If (f is an arbitrary automorphism in Out(Q(lE)'’), then {e}, the 
set of the vertices of the quiver of Q{1EY, is a complete set of prim¬ 
itive orthogonal idempotents. Also, the set {<p(e)} is a complete set 
of primitive orthogonal idempotents. From classical ring theory (e.g. 
[51 Theorem 3.10.2]) we know that there exists an invertible element x 
such that x~^p{e)x = e. Since we work inside Out(Q(lE)'’), we can as¬ 
sume that (p(e) = e, and that p hxes the isomorphism classes of simple 
modules. 
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Since ip{Ta.dQ{lEY) C Ta.dQ{lEY, for a given arrow t in the quiver 
of Q{1EY, (p{t) is a linear combination of paths of length greater than 

0 . 

Thus, we can assume that 

ip{e) =e, 

(p{a)=aia + 02/9 + a^x, 

^p\(3)=biOi + & 2/3 + hy, 

where ai,bi G k, and x, y G rad^Q(li9)^. Direct computation shows 
that {ip{a)ip{j3)Y = {ciY> 2 Y From the relations of 
Q{1EY we have that {ip{Q)ip{Y)Y = follows that 

a\a 2 = 0 and bih\ = 0. Because {y){a)Lp{Y)Y Y 0) then either oi 7 ^ 0 7 ^ 
62 and 02 = = 0 , or 02 7 ^ 0 7 ^ bi and Oi = 62 = 0 . 

If the former holds, then from = (^(/ 9 )((^(q;)</ 5 (/ 9 ))''“^ it follows 

after an elementary but tedious computation that of = a\~^bY Sim¬ 
ilarly, from (p{YY = (p{a){(p{Y)(p{a)Y~^ it follows that b^ = 
Subsequently, we have that af = b^ From af = a^b^ and af = it 
now follows that there exists an even integer m such that o™ = 6 ™ = 1 , 
e.g. m = 12 r — 18 (we get this number by taking the cube of both sides 
of af = aYY using that of = 6 f) . For such an integer m we have 
that 

(99 — idQ(iE)r-)™' = — idQ(lE)’-- 

Since — idQ(i£;)i' is a nilpotent homomorphism, it follows that (p is 
a unipotent homomorphism. 

If 02 7 ^ 0 7 ^ 61 and oi = 62 = 0, then as in the previous case, 
using the same arguments we conclude that aYb\~^ = 1 , a^^bf = 1 
and af = bf. Now, ip"^ is a unipotent homomorphism, by the previous 
paragraph. Since we work over a held of characteristic 2 , it follows that 
{(p — idQ(^iEyY is a nilpotent homomorphism. Hence, </9 is a unipotent 
homomorphism. 

Theorem 3.1. The group Out(Q(li9)'’) is unipotent. There are no 
non-trivial gradings on Q{1EY■ 

Proof. From the above computation it follows that Out((5(li9)'^) is 
unipotent. By Theorem l2.61 there are no non-trivial gradings on Q(1EY■ 

□ 

Proposition 3.2. Let B be a tame block of group algebras which is 
Morita equivalent to Q{1EY■ The group Out(i?) is a unipotent group. 

Proof. By [71 Theorem 17], Out'^(i?) is invariant under derived and sta¬ 
ble equivalence, hence, it is invariant under Morita equivalence. Since 
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the maximal tori in Out°(Q(lii^)^) are trivial, it must be that the max¬ 
imal tori in Out'’(-B) are also trivial, which implies that Out(i?) is a 
unipotent group. □ 

Corollary 3.3. Let B he a tame block of group algebras with quater¬ 
nion defect groups and one isomorphism class of simple modules. Up 
to graded Morita equivalence, there does not exist a non-trivial grading 
on B. 

Proof. From the previous proposition. Theorem 12.61 and Remark 12.71 
it follows that every grading on B is graded Morita equivalent to the 
trivial grading on R. □ 

We note here that we can not claim that B does not have non-trivial 
gradings, even though Q{1EY does not have non-trivial gradings. The 
key difference is that B does not have to be a basic algebra. 
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